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1 Introduction

In the last decades a lot of researchers have given a great importance to the smoothness spaces
built on the idea of Morrey spaces Mp,. The Besov-Morrey spaces Npofu?q, Triebel-Lizorkin-
Morrey spaces Epy' and Besov-type spaces B,y are examples of that. The scales ./\/]fju,q were
presented in Kozono et al.| (1994)) and developed later by [Mazzucato et al| (2003). The spaces
Epy' were introduced by Tang et al. (2005) and Bp; were presented in |[El Baraka (2006). It
is well known that when ¢ is finite, the scales ", , and By are different. However, both
include the classical Besov spaces B)), as a particular case. the spaces By with ¢ < oo, also
the classical Besov spaces is a particular case of By .

Over the years, the function spaces with variable smoothness and integrability have attracted
attention of many researchers not only by theorecal reasons but also by the role played by such
spaces in some applications, including the modeling of field of electronic fluid mechanics, image
restoration, optimization, etc. (See (Afraites et al., |2022; Laghrib et al., 2021; Nachaoui et al.,
2021; | Yacini et al., 2021)))

Recently, Almeida & Caetano| (2020) studied Morrey spaces with variable exponents My (s

which generalize variable exponent Lebesgue space, see Remark [2| . Diening et al. (2009)) in-

)

troduced the Triebel-Lizorkin spaces with variable indices Fﬁ%)qc)- Many applications of these

spaces were given, see [Fu et al. (2011); [Yuan et al.| (2010). The Besov spaces Bz‘((.'))

)

have
q(-)
first been introduced in |Almeida & Hasto | (2010) by using the mixed Lebesgue-sequence spaces
Ly (£yey) and they proved the basic embeddings between Besov spaces and Triebel-Lizorkin
spaces with variable smoothness and integrability.

o) al.)
Bp(-)7qo(_) — Bp(-),th(-)’ when ¢p < q1.

ap(.) ai(.) —
Bt T Bplyqr()r  When (a0 —a1)” > 0.
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And

a() a() a() -
By min{p().a()} = Fo(ra) 7 Bo(ymaztp().q)y  When pT g < oo

Also, the authors in |Almeida & Hasto | (2010) showed the Sobolev-type embeddings in the
spaces B;Y((f))q(A), for more details we refer the reader to see Almeida & Hésto | (2010). Recently,
in Almeida & Caetano (2020) the authors presented an appropriate setting to the full scales

N :ES)U(_) o) of Besov-Morrey spaces with variable exponents and also introduced mixed Morrey-

sequence spaces. Later, Anténio and Kempka introduced the Triebel-Lizorkin-Morrey spaces
()yu()

)

with variable exponents 5; for more properties related to these spaces we refer the reader

to see Besov| (2003). Also, it is welle known that if p(-) = wu(-), then Besov-Morrey spaces
coincide with Besov spaces, N&S?p(.)yq(‘)(R”) = B;V((_'))’q(_)(R") (Besov-Morrey spaces larger than
Besov spaces).

There is a rich literature about partial differential equations in different spaces with vari-
able exponents, for instance, for Navier-Stokes equations and related models, we have well-
posedness results in the critical case of the following spaces: Lebesgue space LP() Diening et al.
(2011), Fourier-Besov spaces FB;‘((.'))’[](.) (Abidin et al., 2018)) and Fourier-Besov-Morrey spaces

.7-"./\/;?2%?“(_)’(1(_) (Abidin et al., 2021; |Azanzal et al., 2021albllc), among others.

This paper is organized as follows. In Section 2, we recall the definitions of modular spaces,
variable exponents Lebesgue spaces, Morrey spaces, mixed Lebesgue-sequence spaces, mixed
Morrey-sequence spaces, 2-microlocal Besov-Morrey spaces and 2-microlocal Triebel-Lizorkin-
Morrey spaces and we present some properties about these spaces. Our results on basic em-
beddings between variable exponents Besov-Morrey and Triebel-Lizorkin-Morrey spaces also

Sobolev-type embeddings are proved in Section 3.

2 Preliminaries

2.1 General notation

In this paragraph, we introduce some of general notations we use throughout the paper. We
denote by R" the n-dimensional real Euclidean space, N the set of all natural numbers and
No = NU {0}. B(x,r) is the open ball in R™ centered at x € R™ with radius » > 0, and ¢
is a positive constant such that whose value may change with each appearance. M(R") is the
family of all complex or extended real-valued measurable functions on R™, and M(R™) denote
the family consisting of all those functions from M(R™) which are finite. The symbol S (R") is
the usual Schwartz space of infinitely differentiable rapidly decrensing complex-valued functions
on R"™.

By ¢ we denote the Fourier transform of ¢ € S (R™) in the version

1

o(z) = W /R” 6_m590(£)d§, z € R™.

For two complex or extended real-valued measurable functions f,g on R™, the convolution
f * g is given by

(fxg)(x) = - flz —y)g(y)dy, forzecR™

x B is the characteristic function of B, and suppf is the support of the function f, i.e. the closure
of its zero set. The notation X — Y denotes continuous embeddings from X to Y.

2.2 Modular spaces

The spaces studied in this paper are classified as semimodular spaces.
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Definition 1. (Almeida & Hasto | (2010)) Let X a vector space over R or C. A function
p: X —[0,00] is called a semimodular on X if the following properties hold:
- 0(0)=0.
-o(Af) =o(f) for all f € X and |A\| = 1.
- o(Af) =0 for all A > 0 implies f = 0.
- A= o(Af) is left-continuous on [0,00) for every f € X.
A semimodular g is called a modular if o(f) = 0 implies f = 0.
A semimodular g is called continuous if for every f € X the mapping A — o(\f) is continuous

on [0, 00).
A semimodular p is called quasiconvex if

o(0f + (1 —0)g) < k[fo(f) + (1 —0)a(g)] for all 0 €[0,1] and f,g € X.

Furthermore, £ = 1 in convex case and k € [1,00) in the quasiconvex case. Where we have a
semimodular, we obtain a normed space .

Definition 2. (Almeida & Hasto | (2010)) If o is a semimodular on X, then
Xo:={z € X :3X>0,0(A\x) < oo}
1s called a semimodular space.

To show our main results, we shall employ the following theorem.

Theorem 1. (Almeida & Hdsto | (2010)) Let o be a (quasi)convex semimodular on X. Then X,
is a (quasi)normed space with the Luzemburg (quasi)norm given by

1
lz||o := inf{/\ >0:p (}\m) < 1}.

From the definition and left-continuity of o we get

of) <1 ifand onlyif |Ifl,<1.

2.3 Variable exponent Lebesgue spaces

We denote by P (R") the collection of all measurable functions p : R — (0,00] with p~ :=

ess ian p(z) and p* := ess sup p(x). For exponents with p(z) > 1 and complex or extended
zeR™ z€eR?
real-valued measurable functions f on R™ a semimodular is defined by

- / Do (1F(2) )z
-

@) if p(x) € (0,00),
Pp(z)(t) =4 0 if p(z) =00 and t € [0,1],
00 if p(x) =00 and t € (1,00],

where

and the variable exponent Lebesgue space L, (R") is given by

Ly (R™) := {f :R" — R is measurable,/ |f(x)P®da < oo} :

n
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L,y (R™) is a Banach space equipped with the norm

HfHLp(A)(R")- inf {\>0: op() (f/N) <1}.

Since the L.y does not have the same properties as L;. Then, we assume the following standard
conditions to ensure that the Hardy-Littlewood maximal operator M is bounded on Ly.)(R").

Definition 3. (Almeida & Hasto | (2010)) Let h : R™ — R.
1) We say that h is locally log- Holder continuous, h € Clog (R™), if there exists a constant ciog > 0
with

h(z) — h(y)| < ——2% _ forall z,y€R".
log (e + Tim)

i) We say that h is globally log-Hélder continuous, h € C°8 (R™), if h € C’llzcg (R™) and there
exist @ hoo € R and a constant coo > 0 with

Coo
h(x) — _ il R™.
|h(x) — hoo| < ozl + 7)) for all x €
iii) We write h € P8(R"™) if 0 < h~ < h(x) < h* < 0o with 1/h € C'°8(R"™).
Lemma 1. (Almeida & Caetano (2020)) Let p € P8 (R™), then for all x € R"™ and all r > 0,
we have .
) @ if r <1,
HXB(J},T)HL;,(.) ~ { Tp%.o’ lf P> 1.

Moreover, we denote - = (L) .
Poo P/~

Lemma 2. (|Almeida & Caetano| (2020)) Consider p € P°8 (R™) with p(x) > 1, and 1 € Ly and
Ye(z) == "Y(x/¢e), for e > 0. Suppose that W(z) = supy >, [Y¥(y)| is integrable and f € Ly.).
Then

e * FllL,cy < CHI LI L,

where the constant C depends only on n and p.

2.4 Morrey spaces with variable exponents

Now, we give the definition of Morrey spaces My, ,.)(R") which are a complement of L,(.)-
spaces.

Definition 4. (Almeida & Caetano ('2020)) Let p,u € P(R™) with 0 < p~ < p(x) < wu(z) < oo,
the variable exponent Morrey space My .y := My o) (R") is the set of all f € M(R") such
that

0y = ZGE}%OTW_WHfXB(x,r)HLp(J < o0

By the definition of the Ly quasinorm, we obtain

||f||M p(-)su() = sSup 1nf{)\ >0: Op(-) (Tu(z)gc)§XB(:vr)) < 1} .

acE]R",r>0
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Like in the L, case, simple calculations show that (see Almeida & Caetano (2020))

Aty e = 105y T (0,00).

Lemma 3. (Almeida & Caetano| (2020)) Let p € P (R™), v : R™ — [0,00) be measurable and g
be a complex or extended real-valued function on R" xR xR™ such that, for any (z,r) € R"xRT,

g(x,r,-) is measurable on R™. Then

. 9(377 r, )) }
feA>0:0,. <1
xeﬂzg,pwom { %) < Av(0) B

. g($, r, )
=inf{A>0: . <15.
o { xeﬂskgg>0 %() ( AvC) > N }

Using Lemma with v(y) = 1 and g(z,7,y) = Tﬁ_ﬁf(y)xjg(xﬂ (y), we get :

Corollary 1. Let p,u € P (R"™) with p(z) < wu(z). For any f € M (R™) it holds

1 n_ n
_ : Zpu@  pl@) <
HfHMp(‘)’u(') inf {A >0: xe]%lgw Op(") ()\r P fXB(z,’/‘)) < 1} .
Remark 1. It was observed in |Almeida & Caetano (2020) that

(- = su ) rﬁ_ﬁ o))
2p()u() (f) weRn’ILO Op(") ( I XB(e, ))

Lemma 4. (|Almeida & Caetano (2020)) Let p € P (R™), then for all g € M (R"),

Sup - Op(.) (gXB(x,r)) = Op(") (g)
z€R™,r>0

Remark 2. Let p,u € P (R"), if p(-) = u(-) we have My .y = Ly (with equal quasinorms).

2.5 Mixed Lebesgue-sequence spaces
First, we present the semimodular of mixed Lebesgue-sequence spaces.

Definition 5. Let p,q € P(R"), the semimodular of mived Lebesgue-sequence space €.y (Lp(,))
1s defined by

0ty () = me{xv >0 gy (fv//\é’(l" ) < 1}.

v>0

With the convention A/ = 1. Also the norm is defined as usual:

D)= {1 O s (5 00 ) <1

If g7 < oo, then

inf{)\ > 0| op) (f/)\ﬁ) < 1} - qu(J

O
)

'S

Q
—~

Which gives

QZQ(')(LP(J) ( (fv)v) = Z H’fvr](.) 2()

) *
v>0 q(+)
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The left-continuity of the semimodular implies that

H(fv)v”zq”(Lp(A)) <1 if and only if Ot ) ((fv),) <1 (unit ball property).

Lpey

L0y (Lp(.)) is a really iterated space when ¢ € (0,00] (See |Almeida & Hasto | (2010)), and in

that case the quasinorm is given by

1Fo)ulley(t,) = | (Wolz,es).

2.6 Variable exponent mixed Morrey-sequence spaces

We recall the definition of semimodular of mixed Morrey-sequence spaces.
Definition 6. (Almeida & Caetano (2020)) Let p,q,u € P (R") with p(x) < u(z), and (f,), C
M (R™), then

_n__ _n_ _1_
Qeq(,)(Mp(,)’u(,))((fv)v) = Z sup inf {)\ >0 0y <ru<z> () quB(gc,r)/)\‘“‘)) < 1}. (1)

>0 z€R™,r>0

Remark 3. When ¢ < oo or ¢t = oo and p(x) > q(z), we can simplify like in the
Loty (Lp(.)) case:

10 (M 000) (D) = > sup H%(') (Tﬁ_ﬁ ’fU‘XB(x,r)))

>0 z€R™,r>0

9

Ly

q(:

<

Below, we give the mixed Morrey-sequence spaces.

Definition 7. (Almeida & Caetano| (2020)) Let p,q,u € P (R™) with p(z) < u(z). The mized
Morrey-sequence space £y (Mp(-)m(-)) is the set of all sequences (f,), C M (R™) such that

Oty (M i) (e (fv),) < oo for some > 0.

For (fu), C Loy (Mp(yu(y) we define

. 1
”(f”)”H%(-)(Mp(-mm) = nf {“ > 0500, (M. 00) (M (f“)’”> = 1} '

As in the case of the variable Lebesgue-sequence spaces we have the following proposition

when ¢ is a constant.

Proposition 1. (|Almeida & Caetano (2020)) Let p, q, u € P (R"™) with p(x) < u(x). If
q € (0,00] is a constant (almost everywhere), then

1o Dolley (2, 00) = H (Hf“HMP('%“(‘)vHEq ’

for every sequence (fy), C M (R™).

2.7 2-microlocal Besov-Morrey spaces and 2-microlocal Triebel-Lizorkin-Morrey
spaces
To define 2-microlocal Besov-Morrey spaces and 2-microlocal Triebel-Lizorkin-Morrey spaces,

we need some general definitions, already seen in the constant exponents case.
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Definition 8. (Almeida & Hasto | (2010)) We say a pair (¢, ®) is admissible if o, ® € S satisfy
- suppp C {€ € R™: 5 < [¢] < 2} and |p(€)] > ¢ > 0 when § < [¢] < 3.

- supp® C {€ € R™: |€] < 2} and |B(€)| > ¢ > 0 when |¢| < =3

We set p,(x) :=2""¢ (2°z) for v € N and po(x) := ().

Definition 9. (Almeida & Caetano| (2020)) Let 51 < B2 and 3 > 0 be real numbers. The class

of admissible weight sequences ng 5,(R™) is the collection of all sequences w = (wy)ven, of

measurable functions w, on R™ such that
i) There exists a constant C > 0 such that

0 < wy(x) < Cwy(z) < Cwy(y)(1 + 2%z —y|)? for z,y € R™ and v € No;
1) For all x € R and v € Ny
210y () < wypr () < 2%2w,(2).

The spaces B;‘E_Lq(_)(R”) with variable integrability have been studied in the general setting
of 2-microlocal spaces, see |Almeida & Caetano| (2016)); Kempka| (2009, |2010]). The 2-microlocel
Besov-Morrey spaces Nz%k w()a() (R™) and 2-microlocal Triebel-Lizorkin-Morrey spaces 5;(}"; ,(1.()) (R™)
have recently been studied by Besov| (2003) and |Almeida & Caetano| (2020)) respectively. Usually,
These spaces are defined by using the functions ¢,,.

Definition 10. (Almeida & Caetano (2020)) Consider an admissible system {p,}. Let w €
ng 5, (R™) be admissible weights and let p, q € Plog (R") and u € P (R™) with 0 < p~ < p(x) <
u(z) < oco.

We define N’” u()q() @ the collection of all f € S'(R™) such that

q

11l pre

*
gy 00 (2o Dall

< 00
a() (Mp(y,u()

In particular case wy(z) = 2°“®) with o € Cllgf(R"), we have Besov-Morrey spaces with variable

exponents, and we write in that case

o)
NoGyaura0) = NoOyu)at):

The Besov-Morrey spaces can be associated with the following semi-modular:

— va(-)
QN:ES),u<‘>,q<<>(f) " QL) (Mp(y ) ((2"*py  f)o). (2)

Remark 4. It was shown in |Almeida & Caetano, (2020) that
w /
S Nolyutrat) S

Definition 11. Let (¢y)ven, be constructed as in Deﬁnitian@ and w € ng B (R™) be admissible
weights. Let p, ¢ € P8 (R") and u € P (R") with 0 < p~ < p(z) < u(z) < supu < oo and
q,q" € (0,00). Then

wvu() ny .__ / ny .
ety @)= {1 € 8 @) : Wty oy <0

where

||f|| w u() = va (SO'U * f)vHJ\JP(,)’M(.)(Z

£l at)

) o= (S e 1) )

Mp(y,u()
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In particular case wy(x) = 2°“®) with o € Cllgf(]R”), we have Triebel-Lizorkin-Morrey spaces
with variable exponents, and we write in that case

() omy  eal)al) mmn
Extraty R") =€y (RY).

We can also associate the following semimodular to the Triebel-Lizorkin-Morrey spaces.

0para) () 1= 001y o g (27200 % £)a).
P(ha)

Remark 5. It was shown in|Besoy (2005) that 5:(}.’;‘(1'().) are quasi-normed spaces, and

w,u(+) Y
S — 5p(.),q(.) — S

3 Main results

In this section, we shall present our first main result that establishes the basic embeddings
between Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces.

Theorem 2. Let o, p, 01 € L>® N C’;gf(R”) and u,p,qo,q1 € P(R™), with 0 < p~ < p(x) <
u(z) < 0.

(i) If o < q1, then

SO0 MOR0.a0
(i) If (ap — 1) > 0, then
S0R0m0  MOm0.a0
(ii1) If p™,q"T < oo, then
N%Qu(-),mm{p(-) 0) gp() (_H\/a )su(-);maz{p(-),q(-)}"
Proof. For (i) it suffices to show that Opre0) (f/p) > QNQ() (f/p) for every p > 0.

p()u()qo() ()u(),q1(+)
Let > 0, we have gy < ¢ then )\q0<> < )\‘11<) when A < 1. By using the equality (| . Lemma
Bl and

Lemma [4] one reaches

0,0 (f/m) >0 °0) (f/m),
No(yu(),a0() No(yu(),a1 ()

which gives (i).

< Nao . and /\/al“ < N‘“

(ii) From (i), one obtains, N 0()() () ()qO ()ul)ar u(-),q1()°

(o7 (e3)
Then, it suffices to prove that ./\/’]D(_m(.)’q0+ Np(-),u('),qf'
Observe that,
Ilmer =[O0 f] 1z,

)y (Mp(y,u()

= H||2’UCM1()SOU *k fHMp(),u()

o

<c H”Qvao(.)(pv * fHMp(.),u(.)‘ g0

+

S c H”Qvao()gpv * fHMp(A),u(A) 294

< ellfllywots
p(-),u("), qo
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1
1

with ¢ = (szo 2—vqf(ao—a1)’)q

< 00.

(iii) Let us first show the embedding N&S?u(-),min{p( e s & ((){qu(?)-).

Put ¢(-) := min{p(-),q()} and f,(z) = 2@, * f(z)|.

We assume that ¢, () (f) <1 and let us prove that o o)) (f) < c.
N, Ep(ra()

Since (%) — 4() | we get

0oty (F) = oMy i (1 Folleac)

P(),a0)
< OMy( e (1ol

n__n ). .
< sup  0p0) T(u(x> p(x)) © Z fzf;( )XB(:J:,T) : (3)
zeR™,r>0 t() v>0

We know that Qp( ) (f) < 1if and only if |[f||py < 1, then it suffices to show that the
()
inequality (3] is bounded by a constant.

We have
n___m )y, . n___n_
sup rlat ~ o)1) Z fu )XB(oc,r)) < Z sup H¢t(.) (T“(z) p(=) vaB(x,r)) ()
Tz€R™, >0 v>0 ol v>0 TER™ r>0 0]
W
= 0,ra
NP( )yu(-),t(-)
<1
which gives the result.
For the second embedding in (iii)
a(+), o
Ex) = Moty mas o4y

let s(-) = maz{p(-),q(-)}. We assume that 0 a()u() (f) < 1 and we prove that ¢, «()u()(f) < ¢
p(),q(+) p(-),s()

Using the reverse triangle inequality (p/s < 1), we obtain

p()u »>)(f”)
=3 sw ‘qﬁs(,) (r( € vaer)) )

250 TER™r>0 S

0\l (f) = 0psr (M
NoOru(),s0) O

N2

'S

N

< swp |lre 0 S Oy
xERn’T>O ’UZO (-
s(-

S
N

Then it suffices to show that sup 0, (r(ﬁ_ﬁ)s(') > >0 FAES XB(x r)> is bounded.

z€R™ r>0 s()

n___n_ye0) o (P — 57 s(- s(-
sup 0, (r(”(l) Ok > 1fl ”XB(I‘T)) = sup g,y (r u(w) P(“))(Z [ £u] 15/ (>XB(ac,7‘)>

T ERM HO) v>0 z€R™,r>0 v>0

= QIVIP(_),H(_)(va”es(-))
< oMy gy Hollac))

=0 a()u()(f)
Ep()val)
<1
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Now, we are in the position to present the Sobolev-type embeddings in the Besov-Morrey
spaces when the radius of the ball B(z,r) satisfies 0 < r < 1.
The following lemma is very useful in proving the next theorem.

Lemma 5. (Almeida & Hasto | (2010)) Let pi,po,q € P(R™) with « — n/p1 and 1/q locally
log-Hoélder continuous. If p1 > po, then there exists ¢ > 0 such that

a()
02'004( g

(Ot -5E) Lo
o ()

at) a()

3 ‘q(-)

for all v € Ny and g € L0 NS with supp § C {f gl < 2”“} such that the norm on the
right-hand side is at most one.

The following theorem assures the the Sobolev-type embeddings.
Theorem 3. Let po, p1,uo,u1,q € P(R"™) such that 0 < py < po(x) < ug(z) < 00,0 < p; <
p1(z) <wup(x) < oo, ur(z) < wup(x) and ag, 1 € LN Cllgf(R”) with ag > .
If % and  ap(z) — ]% =a(x) — plL(x) are locally log-Hélder continuous, then

ai (')

ao(+)
Noouoa) = Mor(ran (1.a)°
Proof. Suppose without loss of generality that o () (f) < 1. So, we have to show that
po(-),uo(-),q(-)
0,010 (f)se
Mot (2,a0)
By using the equality , one obtains
ol — 2va1 )
QNp11((~)),u1(-),q(.) (f) Opat >( p1(-),u <)) ( Yo f
= Z sup H(Z)q() (r“lr(bw)_mr(lw) 2va1(')(pv * fXB(x,r)) 1)
v>0 TER™,r>0 %
-3 s [ g, o)
L0 ER™ >0 Li)(B(fL‘ )
= )

Applying Lemma with a(-) = a1(-) and g = r“ﬁx)_ﬁ% x f, we get

_n ___n
sup H ‘/raul(z) p1(x) 21)&1(')(’0@ * f‘q() ’
>0 zeR™ r>0

Ly ) (B(z,m)
q()

< Z sup Hqﬁq(,) (Tu1(z)7m2va0(')(pv * fXB(ac,r)) () + ZQ—U.

v>0 z€ER™ r>0 q(-) v>0

Since 0 < 7 <1 and wu;(x) < ug(x), one obtains

sup H%o (7““““” m 20000, *fme)
,U>Oac6]R”,7‘>0

po() +Z2_

v>0
<> sw H%(') (T“O(”) nm gl *fwa) p0<)+22—
UZOIEER",T‘>O v>0

< QNQO(') (f) + Z 27"

Po()-u().a() =

<14y 27"

v>0
<ec.
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The proof is complete. O
Corollary 2. Let pg, p1,uo, w1, 90, ¢1 € P(R™) such that 0 < p, < po(x) < up(z) < 00,0 < p] <

p1(x) <wui(x) < oo and ag,a; € LN Cllgf(R") such that ag > .

If
n n
aolx) — =oa1(x) — +e(x
o(z) o (@) 1() (@) (x)
18 locally log-Holder continuous, and €~ > 0, then
ao(-) a1 (+)
po()uo()a0() 7 VP () () ()’
Proof. By using Theoreme [2] (i), we get
ao(+) ao(+)
poC)uo o) Mool o007
and from Theoreme [3] we have
oo (-) o (+)+e(.)
Po()uo()00 7 N pr (Y ()00
An application of (ii) in Theoreme implies that N;l(g)ltf((f))oo — N;I(S)ul() o)’ which finishes
the proof. O
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